We have recently demonstrated, in the context of para-hydrogen induced polarization (PHIP), the conversion of hyperpolarized proton singlet order into heteronuclear magnetisation can be efficiently achieved via a new sequence named S2hM (Singlet to heteronuclear Magnetisation). In this paper we give a detailed theoretical description, supported by an experimental illustration, of S2hM. Theory and experiments on thermally polarized samples demonstrate the proposed method is robust to frequency offset mismatches and radiofrequency field inhomogeneities. The simple implementation, optimisation and the high conversion efficiency, under various regimes of magnetic equivalence, makes S2hM an excellent candidate for a widespread use, particularly within the PHIP arena.
Introduction
PHIP research [29, 31, 30, 26] , is that it is dependent on the radiofrequency 32 offset.
33
Our previous contribution [33] also introduced a novel sequence, named tions and, importantly, in an offset-independent manner.
37
In this paper, using the single transition operator formalism, we elucidate we assume a near magnetic equivalent three-spin-1/2 system comprising two 45 chemically equivalent spins-1/2 coupled to a third spin-1/2. The symmetry of 46 the system is broken by a difference in the heteronuclear J couplings.
47
In the experimental session, we generate thermally polarised singlet order 48 via the M2S sequence [24] , described in detail in section 3.2.
49
This paper deals with a 3 spin-1/2 system sketched in Fig Figure 1: A three-spin system formed by two chemically equivalent homonuclear spins (1 and 2), and a heteronuclear spin (3). The system is assumed in near equivalence regime, i.e. for |J 13 − J 23 | < J 12 with J 13 = J 23 .
Pulse Sequence

60
The scheme for the storage of polarisation as singlet order and the subsequent 61 detection through a heteronucleus is reported in Fig. 2 
67
The optimal values for the sequence parameters, under the assumed near 68 magnetic equivalence regime, are: order. An optional storage delay, τ st , follows and can be made variable with the 79 purpose of measuring the singlet order decay time, T S through detection on the 80 heteronuclear channel.
81
As demonstrated below, the overall effect of the method in Fig. 2 is to convert 82 longitudinal order of the I-spins into singlet order of the same spins (M2S) and 83 then convert this latter into transverse order of the S-spin (S2hM). Pulse sequence to prepare singlet order (M2S) and convert it into heteronuclear magnetisation (S2hM). The conversion block, S2hM is the core of the paper. The T 00 block filters out any signals not passing through I-spins singlet order [12, 24] . The * indicates that the 180 degrees pulse is a 90y180x90y composite pulse whose overall phase has been cycled as φ = {x, x, y, y, y, x, x, y, y, y, x, x, x, y, y, x} during the n-repetitions of the echo. The state of the system at the point i in the pulse sequence is described by the density operator ρ i . 
Theory
Spin Hamiltonian
86
The coherent liquid-state nuclear spin Hamiltonian expressed in the rotating 87 frame of both I and S spins is: 
I-spins M2S
93
In this subsection we describe the singlet order preparation step (M2S, 
Bases Functions
96
To define a convenient basis for the spin system above we start defining the 
and the Zeeman sub-basis for spin-3 as:
We then take the direct product between the two sub-bases to obtain: 
and therefore the Hamiltonian can be decomposed into the direct sum of 4 106 orthogonal bi-dimensional subspaces according to:
with:
where the superscript rs (r,s ∈ {1, 2, ..., 8}) indicates the subspace spanned by 
that satisfies the following commutation rules:
Furthermore, by introducing:
the Hamiltonian operators for the subspaces spanned by kets 1, 2 and 3, 4 can angle θ about the k-axis of the subspace spanned by kets r and s.
117
The total Hamiltonian of Eq. 2 in this single transition spin operator formalism 118 is finally given by:
Evolution in single-transition spin operator formalism
120
Because the Hamiltonian in Eq. 16 appears as a direct sum of Hamiltonians 121 defined within independent subspaces, the associated propagator results as the 122 product of 4 propagators acting, independently, in each subspace, i.e.:
The propagator in each subspace is written as:
with
AllΦ rs (φ) terms and the propagatorsÛ 56 (τ ) andÛ 78 (τ ) contribute only to 127 the signal phase and can be ignored in the following, for the sake of simplicity.
128
The relevant propagator for the free evolution during a time interval τ and for 129 θ 1 can then be approximated by [24] :
and, for τ = π/(2ω e ) reduces to:
Within the same approximations, the propagator that describes the evolution 132 during an echo block of the kind τ − 180 x − τ with τ = π/(2ω e ) can be approx-
The approximation θ 1 is valid under the assumption of near magnetic equiv-
135
alence (see eq. 13). • about the y-axis to give:
Successively, a series of n 1 = π 2θ echo blocks of the form τ − 180 x − τ with 147 τ = π/(2ω e ) is applied. The propagator for a single echo event, in the limit 148 θ 1, is given in Eq. 23 and the total propagator after n 1 echoes becomes:
This propagator acts by interchanging T 
155
The resulting density operator after this event is: is therefore derived as:
being the Zeeman polarisation level operator along the x-axis. The singlet 173 polarisation level operator for a spin pair j,k in a spin system made by N spins 174 is given by:
Therefore, the operator amplitude:
extracts the amount of singlet polarisation, p j,k s , contained in the generic den-177 sity operator ρ. For the three spin system discussed in this paper the singlet 178 polarisation level operator is therefore:
and we can use Eq. 38 to figure out the theoretical efficiency of the I-spins M2S [24]. Fig. 3 shows the trajectories of P 1x + P 2x (gray) and P 
S-spin S2hM
186
In this subsection we describe the S2hM pulse sequence for the conversion 187 of singlet order into heteronuclear magnetisation (S2hM, Fig. 2 ). 
and therefore the Hamiltonian can be decomposed in the direct sum of 4 or-
200
thogonal bidimensional subspaces according to: 
Using the same definitions for θ and ω e given in Eq. 13 the Hamiltonians for 
The propagatorsÛ 56 (τ ) andÛ 78 (τ ) can be ignored since this sequence operates 
Within the same approximations, the evolution during a echo block τ − 219 180 x − τ with τ = π/(2ω e ) can be approximated [24] as:
S2hM pulse sequence description
221
The starting density operator at the beginning of S2hM is generally equal 222 to:
with p I S representing the I-spin singlet polarisation which, in the case it is gen-224 erated by the M2S sequence described above, is equal, at best, to (2/3)p 
with all unity operators neglected in the following as they do not participate in 229 the evolution.
230
The first event in the S2hM is a series of n = Eq. 53, in the limit θ 1, as:
corresponding to a rotation of 90
• about the x-axis of the 1,2 and 3,4 sub-spaces.
234
The density operator after this event is: (Fig. 5a ).
263
However, the incidence of B 1 errors is removed by implementing composite 180
• 264 pulses (Fig. 5b) .
265 Table 1 reports the results of numerical simulations on a variety of chemical S2hM pulse sequence presented above is done in the near equivalence limit, the 
Results and Discussion
276
To test the methodology we used a sample of 2,5-thiophenedicarboxylic acid 277 (Fig. 6) where the two protons on the thiophene ring make up the I-spins and 278 the natural abundant carbonyl-13 C spin (abundance ∼2%) is the S-spin. The 
286
In near-magnetic-equivalence conditions, the single quantum 1 H and 13 C-
287
NMR spectra only contain information on the proton-proton coupling, ω 
289
The optimal values for τ , n 1 , n 2 and n (requiring individual values of the het-290 eronuclear couplings) were experimentally determined by running a 90y-M2S-
291
T 00 filter-S2hM experiment (Fig. 2) at variable values of n with n 1 = 2n, n 2 = n 292 and τ fixed within a range of expected values (Fig. 7a shows ms, black points) and, successively, fixing n = 4 (best value in the optimisation 294 above) and varying τ to find its optimal value to be τ = 64 ms (see Fig. 7b , 
313
In a final experiment, the pulse sequence in Fig. 2 was run with the optimal 
Conclusion
323
In conclusion, we have presented and described a pulse sequence that ac- proposed methods which may be a drawback for some application. 
344
We determine the efficiency of the conversion from I-spin Zeeman polarization 
